Abstract. We apply the version of Pólya-Redfield theory obtained by White to count patterns with a given automorphism group to the enumeration of strong dichotomy patterns, that is, bicolor self-complementary patterns of Z 2k with respect to the action of Aff(Z 2k ) with trivial isotropy group.
Introduction
In a short and beautiful paper [10], White proved an analogue of Cauchy-Frobenius-Burnside lemma tailored for the purpose of counting patterns with a fixed group of automorphisms. Before stating it, we warn the reader that we will use the Iverson bracket 1 as defined by Graham, Knuth and Patashnik [4, p. 24] : if P is a property, then
[P ] = 1, P is true, 0, otherwise.
Theorem 1 (D. E. White, 1975) . Let S be a finite set, G a finite group acting on S and ∆ a system of orbit representatives for G acting on S. Suppose {G 1 , . . . , G N } is a traversal of the orbits of the subgroups of G under the conjugation action, such that
Given a weight function w : S → T such that w(σs) = w(s) for all σ ∈ G and all s ∈ S, we have White uses the similar notation χ(P ) in his articles, which was introduced first by Adriano Garsia in a paper from 1979 according to Knuth [6] , although White's paper predates it by four years.
where B = (b i,j ) is the inverse of the table of marks matrix
Note that the table of marks matrix is invertible because it is triangular and no element of the diagonal is 0.
Let S = R D , where both R and D are finite sets. If G acts on R (the set of colors), it is well known that the action can be extended to
, where σ is reinterpreted as a member of the permutation group of D. We know that the action of G i on D defines a set of disjoint orbits
which is a partition of D, so we can define
This allows us to define the orbit index monomial as
, which can be used in a straightforward manner to obtain a pattern inventory polynomial.
Theorem 2 (D. E. White, 1975 ). The pattern inventory polynomial for patterns fixed by the subgroup G i is
where the substitution y i = r∈R x i r is made. Bicolor patterns under certain types of groups are of particular interest for mathematical musicology because (for instance) they represent rhythmic patterns if they are interpreted as onsets in a measure. See [2] and [5] and the references therein for more information.
These patterns can also be seen as abstractions of the concepts of consonance and dissonance in Renaissance counterpoint. In particular, self-complementary (that is, those whose complement belongs to its orbit) and rigid (which means that they are invariant only under the identity) patterns, hereafter called strong, are known to be used in both Western and Eastern music [7, Part VII] , and that their combinatorial structure lead to significant musicological results [7, Chapter 31] . Note that self-complementarity forces the patterns to be subsets of cardinality k of sets of even cardinality 2k. In general, dichotomy patterns are those of cardinality k within a set of cardinality 2k.
Two easy examples
Suppose we color black or white the vertices of a rectangle that is not a square. The group of symmetries acting on the colorings of the vertices is the Klein four-group
We will find the patterns that are invariant under 
It is illustrative to make explicit the formula of Theorem 1 for this simple example. Let us code the colorings of the vertices with the strings u 1 u 2 u 3 u 4 over the alphabet {n, b}, using the clockwise order and beginning from the upper left corner. Then ∆ = {nnnn, nnnb, nnbb, nbbn, nbnb, nbbb, nnnn}.
For G 1 the formula trivially asserts that the only patterns invariant under the full group are the monochromatic ones. For G 2 we have (w(nnnb) + w(nnbn) + w(nbnn) + w(nbbb)
and it informs us of the two patterns that are invariant under the action of the trivial subgroup only; they are precisely those with only one black or only one white vertex. Let us confirm the former using the orbit index polynomials for each subgroup. For G 1 , we have only one orbit of four elements, thus
The orbits defined by G 2 , G 3 and G 4 are all of cardinality two, thus
Finally, there are four orbits of cardinality one for the trivial subgroup, hence
Using these polynomials, we can calculate all the pattern inventories at once:
Upon the substitution z i = 1+x i , that allows us to count the number of patterns according to the number of black elements (say), we find
We proceed now with a more complicated example that serves as an introduction to our main computation. Define
Let us compute the number of patterns of the action of Aff(Z 6 ). We have the following sequence of normal subgroups,
1, e 5 .5 ,
1, e 0 .5 , G 6 = e 2 .1 ,
The computation of the table of marks matrix is not as direct as before, in part because the subgroups G 5 , G 7 and G 9 are not normal. But using GAP [3] we readily find 
The orbit index polynomials are
It is interesting to learn that there are no patterns that are exclusively invariant under the subgroups generated, respectively, by the translations e 1 .1, e 2 .1, e 3 .1. In other words: arithmetic progressions with common difference 1, 2 and 3 are invariant under symmetries that are not translations.
Calculations
Denoting by D the set of dichotomies, and by S and R the subsets of the self-complementary and rigid dichotomies (respectively), we know by the principle of inclusion and exclusion (PIE) that
|D| ≥ |S ∪ R| = |S| + |R| − |S ∩ R|
where |S ∩ R| is precisely the number of strong dichotomies. Hence
|S ∩ R| ≥ |S| + |R| − |D|.
We can calculate |D| and |S| with the classical Pólya-Redfield theory, and |R| with White's formulas, so we may expect this inequality to provide a reasonably good bound on the number of strong dichotomies. But, unfortunately, in general it does not, as we can readily see in Table  1 .
However, not everything is lost. After examining the cases when the PIE yields a nontrivial bound, we discover that this happens when k is a power of a prime. On the other hand, it is known that the classical pattern inventory polynomials of the Pólya-Redfield theory exhibit a form of the cyclic sieving phenomenon [8, Corollary 6.2], which means that if p(x) is the generating function of the number of patterns according to its number of black elements, then p(−1) yields the number of self-complementary patterns.
Since the polynomials for White's formulas do not count cycles but orbits, in general they fail to cyclically sieve patterns, safe for the cases when Z × 2k is cyclic. Indeed, if the group of units is generated by a single element, it is plausible to think that all the orbits are cycles of e 1 .1 and a generator of Z × 2k . Furthermore, it is a well-known fact that the group of units of Z n is cyclic precisely when n = 1, 2, p k , where p is a prime number. This discussion, however, is not a full proof, so we formalize it as a conjecture. Hopefully, it will be proved soon. Conjecture 1. Let G N = Aff(Z 2k ) and {G i } be a set of representatives of the orbits of the conjugation action such that |G N | ≥ · · · ≥ |G 1 | and let B = (b i,j ) be the inverse of its table of marks. If k is equal to 1, 2 or a power of an odd prime number, then the pattern inventory polynomial for bicolor patterns fixed by the subgroup G i is such that |Q i (−1)| counts the number of self-complementary dichotomies with automorphism group G i . In particular, |Q 1 (−1)| counts the number of strong dichotomies.
For the general case, we can use another formula of White [9] . Now we need to consider the swapping action on the colors of the patterns simultaneously with that of the affine group, so we see G = Aff(Z 2k ) × Z 2 as acting both in R and D, according to
We provide a quick sketch of White's reasoning to obtain the counting formula, in part because our problem's conditions lead to a simpler statement and in part because his original paper has some minor (but misleading) typographical errors.
In order to apply Theorem 1, we must characterize first the patterns f such that H ′ ⊆ G f . If a g ∈ H ′ leaves a pattern invariant, it means that it sends an element of O H ′ :D to an element of O H ′ :R .
Thus, let B ∈ O H ′ :D and f (B) = C ∈ O H ′ :R . Taking arbitrary elements b ∈ B and c ∈ C, we deduce that f must be defined by f (γ 1 b) = γ 1 c. This relation, however, might not be functional, for it may happen that f (
In other words, if the function is well defined then (1) γ
H b ⊆ H c (note that these isotropy groups are relative to H). To check that (1) is also sufficient is direct, like the fact that the election of b is irrelevant.
We have
and, reorganizing the terms (in what White calls sum-product interchange), we get
For bicolor patterns we have C = {0, 1}, therefore the invariance under the action of the whole group reduces the weights w(f ) to the following choices: Table 2 . Summary of the information that can be obtained via White's extension of Pólya-Redfield theory. The totals of strong dichotomies are displayed as sums, where each summand represents the number of patterns with a specific polarity. Thus, the number of summands is the number of polarities.
Thus we can reuse the previous algorithm that involves the inverse of the table of marks matrix, but with the larger group Aff(Z 2k ) × Z 2 and calculating the corresponding vector of polynomials with (2) and (3). The only remaining detail is that no longer we may read the total number of strong dichotomy patterns in a single entry of the output vector, for such patterns have automorphism groups of cardinality two; namely, the identity (e 0 .1, 0) and the color swap (e 0 .1, 1) composed with a unique symmetry of Aff(Z 2k ), which is called the polarity of the pattern. Hence, we gain a feature and not an inconvenience, for now we can know the number of strong dichotomy patterns for each polarity.
The first case that is not covered by Theorem 1 is n = 8, but the table of marks matrix is of size 148 × 148, so we will not display it here. Let us simply state that there is only one strong dichotomy, whose polarity is e 5 . − 1. In Table 2 we summarize the information that can be calculated with this algorithm up to n = 48.
Concluding remarks
The enumerations of strong dichotomies done here coincide with the explicit ones performed in [1] and subsequent verifications done by the author, with a variation of the original algorithm presented in [1] . It is interesting to note that Conjecture 1 is of practical interest, since it significantly simplifies the computation of the table of marks: consider that the volume of calculations is exacerbated when we have to calculate with the product Aff(Z 2k ) × Z 2 ; its table of marks can be much bigger that the one of its largest factor.
Harald Fripertinger noted in a personal communication with the author that the number of self-complementary patterns |S| seems to approach asymptotically to the number of the strong ones (or, equivalently, that the vast majority of dichotomies is rigid). In particular, |S| provides a direct and fast way (it does not require to compute the table of marks) to determine a very good upper bound for the number of strong patterns, a useful fact in order to partially validate the exact (but lengthy) calculations.
